We study the Lipschitz simplicial volume, which is a metric version of the simplicial volume. We introduce the piecewise straightening procedure for singular chains, which allows us to generalize the proportionality principle and the product inequality to the case of complete Riemannian manifolds of finite volume with sectional curvature bounded from above. We obtain also yet another proof of the proportionality principle in the compact case by a direct approximation of the smearing map.
Introduction
The simplicial volume is a homotopy invariant of manifolds defined for a closed manifold M as M := inf {|c| 1 : c is a fundamental cycle with R coefficients}, where | · | 1 is an ℓ 1 -norm on C * (M, R) (which we will denote for simplicity C * (M )) with respect to the basis consisting of singular simplices. Although the definition is relatively straightforward, it has many applications. Most of them are mentioned in the work of Gromov [4] , one of the most important is the use to the degree theorems. In general, by the degree theorem we understand a bound on the degree of a continuous map f : M → N between two n-dimensional Riemannian manifolds deg(f ) const n vol(M ) vol(N ) .
Such a theorem may obviously require additional assumptions. The reason why the simplicial volume is suitable for establishing such theorems is its functoriality, i.e. if f : M → N is a map between two closed manifolds then
One obtains easily that if N = 0, then
Under some curvature assumptions, Gromov proved in [4] that for a given Riemannian manifold M we have M const n · vol(M ) and M const n · vol(M ), which imply the degree theorem if the curvature assumptions are satisfied.
In most cases simplicial volume is very difficult to compute exactly. However, it has a few properties which can be used to approximate it or at least decide if it is zero or not. Two of them which we are interested in are the product inequality and the proportionality principle.
Theorem 1.1 ([4]). Let M and N be two compact manifolds. Then the following inequality holds
M · N M × N .
Theorem 1.2 ([4], [11]). Let M and N be two compact Riemannian manifolds. Assume also that their universal covers are isometric. Then
.
A natural question to ask is if these properties generalise somehow to the non-compact case. In order to have a fundamental class, one needs to consider ℓ 1 norm on locally finite singular chains instead of just (finite) singular chains. In this case simplicial volume obviously does not have to be finite. Unfortunately, neither of the above properties holds in such generality. The product inequality does not hold because of another result of Gromov from [4] that the simplicial volume of a product of at least 3 open manifolds is 0, while there are examples of products of two such manifolds with nonzero simplicial volume [10] . The proportionality principle fails because of a similar reason. Take a product of three non-compact, locally symmetric space of finite volume. Its simplicial volume vanishes, but on the other hand there always exists a compact locally symmetric space with isometric universal cover [1] and the simplicial volume of closed locally symmetric spaces of non-compact type is known to be nonzero [7] .
The solution to the problems above, also proposed by Gromov in [4] , is to consider a geometric variant of simplicial volume by taking only Lipschitz chains. This way one obtains the Lipschitz simplicial volume M Lip := inf {|c| 1 : c ∈ C lf * (M ) is a fundamental cycle with R coefficients, Lip(c) < ∞}.
In the case of closed manifolds the classical and the Lipschitz simplicial volumes coincide. Löh and Sauer studied the above invariant in [10] and proved that it may be a proper generalisation of the simplicial volume to the case of complete Riemannian manifolds of finite volume, not necessarily compact. In particular, in the presence of non-positive curvature they proved the proportionality principle and the product inequality. The main result of this article is a generalisation of their proofs to the case of manifolds with curvature bounded from above. 
Theorem 1.3 (Product inequality). Let M and N be two complete, Riemannian manifolds with sectional curvatures bounded from above. Then the following inequality holds
M Lip · N Lip M × N Lip .
Theorem 1.4 (Proportionality principle
In the work of Löh and Sauer, non-positive curvature assumption is needed to introduce the procedure of straightening the simplices. Namely, given a singular chain, one can homotopy it to the chain consisting of straight simplices by using the fact that in simply connected, non-positively curved Riemannian manifolds geodesics are unique. We develop the straightening procedure and apply it piecewise, which allows us to use it in the case of manifolds with curvature bounded from above.
Since for closed manifolds sectional curvature is always bounded and the Lipschitz simplicial volume equals the classical one, we obtain yet another proof of Theorem 1.2. We follow Thurston's approach from [12] (used in [11] ), however, we obtain the proof without any use of bounded cohomology by approximating directly the smearing map.
The proportionality principle provides direct connection between Lipschitz simplicial volume and volume, therefore one obtains immediately Löh and Sauer combined this fact for non-positively curved manifolds with the facts that Lipschitz simplicial volume is strictly positive for locally symmetric spaces of non-compact type of finite volume [1, 7, 10] , that there are only finitely many symmetric spaces (with the standard metric) in each dimension and that N C n vol(N ) if Ricci(N ) −(n − 1) and sec(N ) 1 [4, 10] to prove the following theorem. Theorem 1.6 (Degree theorem, [3, 7, 10] ). For every n ∈ N there is a constant C n > 0 with the following property: Let M be an n-dimensional locally symmetric space of non-compact type with finite volume. Let N be an n-dimensional complete Riemannian manifold of finite volume with Ricci(N ) −(n − 1) and sec(N ) 1, and let f : N → M be a proper Lipschitz map. Then
Possible generalisation of the above theorem depends on the further results on non-vanishing of the Lipschitz simplicial volume. At the moment most results in this direction are based on the proportionality principle indicated above, non-vanishing of the simplicial volume for negatively curved spaces [12] , locally symmetric spaces of non-compact type [7] and their products and connected sums [4] .
Organization of this work
In Section 2 we recall the basic facts about straight simplices and develop the piecewise straightening procedure for singular chains. Section 3 is devoted to the proofs of theorems 1.2, 1.3 and 1.4.
Piecewise straightening of simplices
In Section 2.1 we recall basic notions concerning geodesic simplices and joins and prove that under some curvature and diameter conditions a geodesic join of Lipschitz maps is also Lipschitz. In Section 2.2 we define a piecewise straightening procedure for locally finite Lipschitz chains. Finally in Section 2.3 we define variants of piecewise barycentric homology, which will be used to prove Theorem 1.4.
To clarify the notation, we will denote by B M (x, r) an open ball in a space M centered at x with radius r, and more generally by B M (X, r) an open r-neighbourhood of a set X ⊂ M . We consider also all Riemannian manifolds as metric spaces with metric induced by Riemannian structure.
Straight simplices and homotopies
For this section let V be an n-dimensional simply connected Riemannian manifold (not necessarily compete) with sectional curvature bounded from above by 0 < K < ∞ with a pointx ∈ V such that the closure of an open ball B V (x, 
. We can endow this open ball with a Riemannian metric induced from M and obtain a space V x with distinguished point x and the canonical local isometry
Then this space satisfies the above conditions [4, 4.3(B) ].
Remark 2.2. In the above example we consider spaces V x for each x ∈ M separately, however, there are natural 'change of coordinate' partial maps between various spaces
In fact we can choose x ′′ to satisfy d Vx ( x, x ′′ ) = r (choose a minimizing geodesic γ between x and x ′ , lift it to γ : [0, r] → V x such that γ(0) = x and take x ′′ = γ(r)). However, the above construction will be useful also for other choices of x ′′ .
Before we develop the straightening procedure, we need some technical facts about geodesic simplices in V . If x, y ∈ V are two points such that x, y ∈ B V (x,
), denote by [x, y] the unique shortest geodesic joining them. Following [10] , we can define the geodesic join of two maps f, g : X → V .
We will often use the following lemma.
Because y is on the unique minimizing geodesic between f (x) and g(x), we have
On the other hand
The above contradiction shows that y ∈ B V (x, R 1 + R 2 ).
We can consequently define geodesic simplices. We identify the standard simplex ∆ k with the subset
equipped with the Euclidean metric and ∆
To prove that the definition is correct it is enough to prove the following lemma.
Proof. We prove the statement by induction. For k = 0 the statement is obvious. 
To proceed, we need the positive curvature analogue of Proposition 2.1 in [10] .
Proposition 2.7. Let V be a simply connected Riemannian manifold with sectional curvature bounded from above by 0 < K < ∞ and let the pointx ∈ V be such that the closure of the ball
) is complete and for any pair of points in B V (x,
) there exists a unique minimizing geodesic joining them. Let X be a compact, smooth manifold (possibly with boundary) and let We need two technical lemmas concerning Riemannian geometry. First is the technical result proved in [10, Proposition 2.6], which can be easily restated in our situation.
Lemma 2.8. Every geodesic simplex
σ in V such that σ(∆) ⊂ B V (x, π 4 √ K ) is smooth. Further, there is a constant L > 0 such that every geodesic k-simplex σ such that σ(∆) ⊂ B V (x, π 4 √ K ) satisfies T x σ < L for every x ∈ ∆ n .
Lemma 2.9. Consider the geodesic triangle
Proof. Consider the extension (in any direction) of [x, y] to a geodesic of length
and denote the endpoints of this geodesic by x 0 , y 0 . Such geodesic exists because B V (x,
) and similary for y. Now consider the geodesic triangle [x 0 , y 0 , z]. Note that
). We can therefore use Lemma 2.8 to conclude that the diffeomorphic simplex map σ : ∆ 2 → V from the standard 2-simplex onto [x 0 , y 0 , z] is Lipschitz with constant L depending on the size of the simplex (which is bounded). Hence
. To prove smoothness in the case f and g are smooth,
is a diffeomorphism onto its image (it is immersion because of the curvature bound [2, 4] and it is injective one because all geodesics inside B V (x,
The first term can be easily estimated as follows
Recall that by assumption
). Therefore the second term can be estimated using Lemma 2.9
Finally, we obtain
Piecewise straightening procedure
The straightening procedure on non-positively curved manifolds is well known and applied successfully to many problems. Roughly speaking, given a complete, simply connected Riemannian manifold M with non-positive curvature and a singular simplex σ : ]]. We can apply the same procedure to the singular simplex σ on non necessarily simply-connected Riemannian manifold M by taking its lift to the universal cover σ : ∆ k → M , applying straightening there and pushing down the homotopy. It can be shown that it does not depend on the choice of the lift, therefore it can be extended to the straightening on singular chains and induces an isomorphism on homology. The same applies to locally finite Lipschitz chains and homology. The straightening procedure has also the advantage that it does not increase l 1 -norm on chains, therefore the above isomorphism turns out to be isometric and the simplicial volume can be computed by considering only straight simplices. This fact, together with a careful control of the set of vertices, is a key to prove e.g. proportionality principle for Lipschitz simplicial volume and inequalities for products of manifolds, assuming all the manifolds have non-positive curvature.
The fact which obviously fails if we consider possibly positive curvature is the existence of unique geodesics on the simply connected manifolds. However, they exist locally, at least if we pass to the local universal covers, therefore procedure can be also extended, but not globally. In particular, we need a 'skeleton' for the procedure to continue.
Let M be a complete, n-dimensional Riemannian manifold with curvature bounded from above by 0 < K < ∞ and let
, where C K is a constatnt from Proposition 2.7. Recall from Example 2.1 that for every x ∈ M we have a space V x together with the canonical local isometry p x : V x → M . Choose a locally finite family (F j ) j∈J of pairwise disjoint Borel subsets of M together with points z j ∈ F j and Borel maps s j :
A family with properties described above always exists. To see this choose a triangulation of M (which exists because M is Riemannian) and divide every triangle into a locally finite family of disjoint Borel sets with sufficiently small diameters. Also sections s j for j ∈ J exist because for x ∈ F j a lift of the (not necessarily unique) shortest geodesic joining z j and x has length < E n,K and one can choose s j (x) to be an endpoint of one of such lifts in a Borel way. Definition 2.10. Let F j , z j , s j for j ∈ J be as above and let π U : U → M be a continuous map such that B M (z j , E n,K ) ⊂ im(π U ). We call a Borel section s
) and let V σ be the universal cover of B M (σ(x),
). Note that we can
as an open subspace (in the topological sense) of V σ , and
we have a unique lift σ :
We say that σ is ε-small if for any
We say that it is ε-geodesic (with respect to (F j ) j∈J ) if it is ε-small and geodesic with verices in some lifts of the points z j , j ∈ J.
Definition 2.13. Let σ : ∆ k → M be a singular simplex and let S (m) (σ) = i σ i be its m-times iterated barycentric subdivision, where m ∈ N. We say that σ is (m-)piecewise straight if every σ i in S (m) (σ) is E n,K -geodesic (with respect to (F j ) j∈J ). We say that a (locally finite) chain c = i∈I a i σ i ∈ C * (M ) is piecewise straight if there exists m ∈ N such that every σ i , i ∈ I, is m-piecewise straight.
Let σ : ∆ k → M for k n be a singular simplex with Lipschitz constant L. We define the straightening of σ (with respect to (F j ) j∈J ) as follows. Choose m ∈ N such that each simplex 
By Lemma 2.6 we have also
Moreover, by the E n,K -smallness of σ i we have 
It is indeed well defined. The only choice we made is the choice of the points x i ∈ ∆ k , but for any other point x
and the images of H x ′ i
and H xi stay in these subsets of V y ′ i and V yi respectively. As a result they are the same after pushing them back on M . Moreover, the above construction is consistent with taking boundaries in the sense that if ι :
lies in the image of S
(m) and we can choose the preimage in a unique way after we give some ordering on the set of vertices of S (m) (σ). Moreover, we can glue all homotopies Remark 2.15. We showed in fact the result above for * n. However, for * > n groups H lf,Lip * (M ) vanish [10, Theorem 3.3] . Moreover, we could simply modify the constants used in the straightening to work for * N for N arbitrarily large. In further work we will without loss of generality assume that all chains and homology classes are of dimension * n. Remark 2.16. It is obvious that the straightening procedure depends on the choice of sets (F j ) j∈J , sections s j for j ∈ J and m ∈ N, which depends on particular chain which we would like to straighten. However, in most cases these details are of secondary interest, therefore we will just say shortly about applying (piecewise) straightening procedure meaning applying it with respect to any suitable family (F j ) j∈J and any m ∈ N for which the procedure is defined. (M ) and taking homology commutes with direct limits, we get an alternative proof of Proposition 2.14.
C
1 -barycentric homology and barycentric measure homology
The straightening procedure described in the previous section is sufficient for some applications, though we need some more extensive machinery. One of the key properties of the classical straightening procedure for non-positively curved manifolds is that the straightened chains are smooth, because they consist of geodesic simplices. It is important e.g. in the proof of the proportionality principle in non-positively curved case, which depends on measure homology with C 1 Lipschitz support, i.e. where 'chains' are Borel measures with finite variation on smooth singular simplices with C 1 -topology, with additional assumption that support of each 'chain' is contained in L-Lipschitz simplices for some L < ∞. Smoothness is strictly technical, but necessary, because it allows to recognise fundamental cycle by integrating the volume form. However, the piecewise straight simplices which we use are only piecewise smooth. The aim of this section is to define piecewise C 1 simplices and chains and provide some reasonable topology on them in order to define corresponding smooth and measure homology theories.
We begin with the definition of C 1 -barycentric chains and homology. Recall that a map f : ∆ k → M is smooth if it can be extended to a smooth map
Definition 2.18. Let C b1 * (M ) be a chain complex consisting of singular chains c on M for which there exists m(c) < ∞ (depending on chain) such that S (m(c)) is a C 1 chain. We call this complex a C 1 -barycentric complex. Because the boundary of a C 1 -barycentric chain is C 1 barycentric, it is a subcomplex of C * (M ). We call the corresponding homology theory a C 1 -barycentric homology H b1 * (M ). We consider also Obviously every piecewise straight chain is C 1 -barycentric by Lemma 2.8. To show that these homology theories are isometric to the corresponding non-smooth ones, we need the following lemma.
bounded by a constant depending uniformly on k and m.
Proof. We recall a construction of a chain homotopy T : C k (M ) → C k+1 (M ) between identity and barycentric subdivision operator S, following [6] , Section 2.1. Let λ : ∆ k → M be a singular simplex and let
, where b is a barycentre of ∆ k . It is easy to see that if λ is differentiable on m-th barycentric subdivision, then for any face λ ′′ of λ, b λ (λ ′′ ) is also. The chain homotopy operator 
be a canonical subdivision of h into k + 1 singular simplices, described also in [6] , Section 2.1. Note that
The interpretation of D is following: first subdivide σ barycentrically m times, then subdivide canonically each cylinder ∆ 
which depends only on k and m. Moreover we have Proof. It is easy to see that a homotopy H constructed in the proof of Proposition 2.14 satisfies the assumptions of Lemma 2.19 for each simplex. Hence it can be subdivided into a 
) onto a closed subset. We denote the direct limit of these spaces with weak topology as BC
The properties of the above topology on B m C 1 (∆ k , M ) which are crucial to us are the following
is a locally compact Hausdorff space;
• If k = n = dim M then for every differential form ω ∈ Ω n (M ) the map To show that I * is surjective, let µ ∈ C b1,Lip * (M ) be a measure cycle determined in L-Lipschitz simplices. Choose any family (F j ) j∈J of Borel subsets of M with the properties indicated in the description of the piecewise straightening procedure and m ∈ N such that str m is defined for any simplex with Lipschitz constant L. Then after applying str m to the measure µ we obtain a cycle i∈I a i σ i , where each σ i , i ∈ I is an m-piecewise straight simplex and
The subset of BC 1 (∆ * , M ) described above is Borel by the construction of sets (F j ) j∈J , so the cycle is well defined. It is also C 1 -barycentric by Proposition 2.7, locally finite by the local finiteness of (F j ) j∈J and Lipschitz by Proposition 2.7 and Lipschitz determination of µ. It is also easy to see that µ and str m (µ) are homologous in C (M ) and Corollary 2.20. The fact that I * is an isometry is a consequence of the facts that I is an isometric inclusion and the straightening procedure does not increase the norm.
Remark 2.28. The existence of an isometric isomorphism as above for 'finite' C 1 -barycentric theory H b1 * (M ) and C 1 -barycentric measure homology with compact supports H b1 * (M ) can be proved without any curvature assumptions as in [9] . However, the proof given in [9] depends heavily on bounded cohomology and cannot be easily generalised to the locally finite Lipschitz case.
Applications

Product inequality
There is a classical result concerning the behaviour of simplicial volume under taking products. Namely, if M and N are compact manifolds of dimensions m and n respectively there are inequalities (see [4] for more details)
The second inequality is obtained by simply taking a simplicial approximation of a cross product and can be easily generalised to the noncompact case. On the other hand, first inequality can be established by passing to bounded cohomology and using the duality between ℓ 1 semi-norm on homology and ℓ ∞ semi-norm on cohomology. However, this approach does not generalize directly to the case of noncompact manifolds and Lipschitz simplicial volume (and in general is false in noncompact, non-Lipschitz case). Two main problems which arise are more subtle relation between ℓ 1 semi-norm on locally finite homology and ℓ ∞ semi-norm on cohomology with compact supports and the existence of a good product in cohomology with compact supports. However, for the Lipschitz simplicial volume the inequality was proved in the case of complete, non-positively curved Riemannian manifolds [10, Theorem 1.7] . Using piecewise straightening procedure, we are able to generalize it slightly and obtain Theorem 1.3.
The proof is a modification of the proof from [10] with one proposition generalised to the case of bounded positive curvature. We introduce necessary notions and facts. By S is locally finite (in the sense that for any given compact subset K ⊂ M we have #{σ ∈ A : σ ∩ K = ∅} < ∞) and consists of L-Lipschitz simplices for some L, depending on A. We recall the most important definitions and results from [10] . 
